Abstract. In this paper we give two constructions of some iteration groups on the unit circle S 1 . The first one determines rational iteration groups. The other describes all iteration groups {F v :
Introduction
Let X be a topological space and V be a linear space over Q with dim V > 1. Recall that a family {F v : X -> X, v G V} of homeomorphisms such that
is called an iteration group (on X). An iteration group is said to be rational (respectively, real) if V = Q (respectively, V -R). Rational iteration groups on open real intervals have been examined by J. Tabor in [11] and M. Bajger and M. C. Zdun in [3] . The aim of this paper is to give a construction of rational iteration groups on the unit circle S 1 and a construction of all iteration groups {F v : S 1 -> S 1 , v € V} for which 0 ^ {z 6 S 1 : F v (z) = z, S 1 .
Rational iteration groups
First, we will deal with rational iteration groups.
Preliminaries
We begin by recalling the basic definitions and introducing some notation.
Throughout the paper N denotes the set of all positive integers. The closure of a set A C S 1 will be denoted by clA while A d stands for the set of all cluster points of A. By an open arc we mean the set {e 2wit , t E (¿1, ¿2)}) where t\, t 2 E R are such that 0 < ¿2 -< 1-It is well-known (see for instance [1] , [4] and [13] ) that for every continuous mapping F : S 1 -> S 1 there is a continuous function / : R -> R, which is unique up to translation by an integer, and a unique integer k such that
The integer k is called the degree of F, and is denoted by deg F. 
(the limit set of F) does not depend on z E S 1 and either Lp = S 1 or Lp is a non-empty, perfect and nowhere dense subset of S 1 (see for instance [8] and [10] ).
LEMMA 1 (see [7] 
The mapping cjr is given by
and fulfils the equation
If moreover Lpi
S 1 , then (3) ^[S 1 \ Lpi] • Imcjr = ^[S 1 \ Lp,}.
Main results
We start with the following THEOREM 
Next, fix w\, W2 € Q and let n 6 N, mi, m2 6 Z be such that w\ = w 2 = Since 71
and the mappings F w for w € Q are homeomorphisms, the family {F w : S 1 -• S 1 , w € Q} is an iteration group. Finally, let {F™ : S 1 -> S 1 , w 6 Q} be an iteration group such that F 1 = tpo. Putting ip n := F( n+1 ) ! for n G N we check at once that = i/Vi-i for n € N and every t]j n is a homeomorphism of the circle which (see [7] ) preserves orientation. • Let us recall that a homeomorphism F : X -• X is said to be embeddable in a rational (respectively, real) iteration group on X if there exists such an iteration group for which F 1 = F. It is known (see for instance [11] ) that if X is a real interval, then every increasing homeomorphism is embeddable in a rational iteration group. For X = S 1 this is no longer true. Theorem 1 gives a necessary and sufficient condition for embeddability of a given homeomorphism of the unit circle in rational iteration group. In the sequel, we present some examples.
Regarding the case when F : S 1 -> S 1 is a homeomorphism with Lp = S 1 we have the following proposition, which follows immediately from Theorem 2 in [5] (one can also use Theorem 1 and Lemma 1 in [14] and <p(l) = 1 (see [5] ). For every sequence a = (a") n€ N satisfying (4) a n G {0, ..., n -1}, ak n = a n (mod n), k, n 6 N define also 
rroo f. Let F : S 1 -» S 1 be a homeomorphism for which Lp ^ S . Suppose that F satisfies the assumption of Theorem 1 and let T = {F w :
Fix k, n G N. By (1) and (6) we have e 2 ««(F) =Cjr(1) = Cjr( I ) n n and therefore there exists an a n G {0, ..., n -1} for which cj.r(^) = Since CJP (I) = = (e^i^+Tfr ))* = we see that = a"(mod n). Thus, the sequence a := (a n ) ne p$ satisfies (4). Moreover, from (6) and the equality c^-(^) = we obtain cjr(Q) = j4 Q (F)( a )> and (3) now shows that (5) holds true. To finish the proof it suffices to apply Theorem 3 in [5] 2 with a = 0, our assertion follows from Proposition 2.
•
The following fact can be concluded from [9] .
PROPOSITION 4. If the set of all m-periodic points of a homeomorphism F : S 1 -• S 1 has exactly m elements for an integer m> 2, then F does not satisfy the assumption of Theorem 1.

Iteration groups having a nontrivial set of common fixed points of all elements
Now, we give a general construction of all iteration groups {F v : S 1 -> S 1 , v 6 V} such that 0 ^ {z € S 1 : F v (z) = z, veV}^ S 1 .
Preliminaries
We begin by recalling the relevant material from [2] and [5] . 
Main results
It is easily seen (see also [5] ) that for every homeomorphism F : A -> A, where A = {e 2nit , t € (a, b)} with a, b G R, a < b < a + 1, there exists a unique homeomorphism / :
We say that / represents F, and if / is strictly increasing, then we say that the homeomorphism F preserves orientation.
The following remarks are easy to check.
REMARK 1 (see also [5] (ii) card({i, w, z} fl I q ) = 2 for a q G M.
According to Lemmas 1 and 2 in [5] we may assume that x, w G I q .
Fixing a u G I q for which w e(x, u) we conclude from (i) and (8) We can assume, in view of Lemmas 1 and 2 in [5] , that x € I q , w € I p . Since x <w < z, we have I q -< I p -< I (z) (that is, for any a 6 I q , b 6 I p , c£  I(z), a -< 
